AN ITERATIVE SOLUTION TO THE EFFECTS OF CONCENTRATED LOADS
Summary.
The analysis of the bending of thin deep rectangular beams by concentrated loads has already been treated by L.N.G. Filon and Th. v. Karman. These authors consider an infinitely long beam and express the load as a Fourier integral, obtaining integral solutions for the stresses and displacements. In their integral fonm, these results are rather difficult to interpret, although F. Seewald, using Karman's analysis, has calculated numerical values for the case of a single concentrated load.
In this paper, a totally different approach to the problem is made. The loaded area is conformally transformed to a circle, and, using Muschelisvili's transformation of the boundary conditions, the problem is solved in the plane of the circle. The solution is then obtained in the form of a complex power series. In this manner, a direct solution, to any required degree of accuracy, is readily obtained.
1. Theory. Consider a long deep rectangular beam resting on two supports placed at the same level, and loaded by a weight placed midway between them. The weight of the beam will be neglected, and the beam will be assumed to be in a state of generalised plane stress, the plane of the mean stress being that of the length and depth. To determine the local effects of the concentrated loads on the stresses and deflexion it is convenient to move the supports to infinity and treat the beam as an infinitely long strip of depth 2h as is shown in Fig. 1 . This procedure is that adopted by L.N.G. Following Muschelisvili [3] , define two functions 9. (z) and w'iz) of the complex variable z by,
where the dashes denote differentiation with regard to z and the bars denote the conjugate function. Then, the boundary conditions in the z plane can be expressed in the f plane by 
r-0
Let us multiply both sides of (3) by (1/2 in) da/ (a -f) and integrate around y. Using Cauchy's Theorem and, neglecting the constant, we have,
Similarly from the relation conjugate to (3) we obtain,
Substituting (4) into (5), carrying out the integration and noting that can be expressed as a power series, X)>~o Pr S*, we obtain the following infinite set of equations
Solving equation (7) gives 0' . To complete the solution, we require w'(z) which is established in exactly the same way, using (6). The formula for w'(z) is then Then,
Equations (7) The stress distribution for which Q" = ibiZir/Ah, w"(z) = ibiZirj^h is that due to pure flexure, provided = -iBJh, where Bi is real. From statics, we know that there is an infinite bending moment at the centre section due to the loads at infinity. But, from statics, at a section where the support loads are applied, the normal stress distribution must be equivalent to a moment of h/2ir as shown in effectively at infinity, it must be included in the 6i term. For as f -* ± 1, RQ'2 -* BlZ/4h2. Hence, is made up of two parts, that due to an infinite moment which will be represented by b' and that due to a moment of amount h/2%. Thus 
Equations a to / now give the solution to the problem. To calculate the stresses at any point we use equation (1) with the values of ft', ft'' and w" obtained by substituting the corresponding values of f in the relevant equation a to j. Fig. 4 gives the distribution Fig. 4 . of normal stresses across BD and the shear stress distribution along the y axis.
The deflections u and v are readily obtained from formula (10)
where n is the shear modulus; v is Poisson's ratio, u, v are the components of displacement in the x and y direction respectively; and D is u + iv.
We are particularly concerned with the displacement and curvature of the y axis and for this case some simplification of 10 is possible.
Differentiate both sides of (10) with regard to y, then,
Since it is only the loading condition of case B that will have any effect on the centre line we have for x = 0, r = t, 8/x h ' 1 + *2 + 8m ' 1 + t2 + ttm g u j 8m tt£ Figure 5 gives a plot of X with y assuming v = 0.3 and shows that for y > h, K is negligible. Hence the engineering approximation, that the curvature is proportional to the bending moment, is quite exact at a distance from the load greater than half the depth of the beam. Making the assumption that for y > h the curvature of the centre line is proportional to the bending moment, we can then calculate the correction A which is also given in Fig. 5 .
